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AN ANALYSIS OF VIBRATION EXPERIMENTS THAT
APPROXIMATE SIMPLE SHEAR CONDITIONS

JAMES TASI

State University of New York, Stony Brook, New York

Abstract-A three-dimensional isotropic elasticity analysis is used to study vibration experiments that approxi
mate simple shear conditions. A circular disk is analyzed with the conditions that the two parallel faces of the
disk are harmonically displaced in opposite directions, and that the cylindrical surface is free of traction. The
effect of specimen size on computing shear modulus is quantitatively determined. A simple shear analysis
underestimates the true shear modulus, but the error is significant only when the diameter of the specimen is
of the order of its thickness. The results for an infinite strip are also given and indicate that a change in specimen
shape does not substantially affect the results.

1. INTRODUCTION

A SIMPLE shear test is often a useful means of determining the shear modulus of a con
tinuous medium. However, it is rather difficult, experimentally, to achieve its precise
requirements, A block of material, as shown in Fig. I, must be sheared between two
parallel, rigid (or very stiff) planes to produce a linear variation of displacement in the
shearing direction, and each point on the bounding surface must experience the same
uniform shear stress. If the surface normal to the shearing planes is free of traction, the
material actually experiences a state of stress that is neither purely shear nor simple.

FIG. 1. A block of material, deformed a small angle tjJ, in a state of simple shear.

This situation exists, for example, in the experiments conducted by Fitzgerald [I] to
determine the frequency dependence of shear modulus of polymers and crystalline solids.

In the Fitzgerald experiments, one would expect deviations from the simple shear
assumption to be manifest only in a boundary layer about the surface that is normal to
the shearing planes. Therefore, one can state that for specimens which are much greater
in width than they are in thickness the shear modulus obtained will effectively represent
a material property. For specimens whose width is of the order oftheir thickness, however,
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the shear modulus computed from the simple shear assumption will not be truly a material
property but will incorporate the influence of geometry within it.

This paper is concerned with determining the effect of geometry on computing shear
modulus with surface conditions appropriate to the Fitzgerald experiments. A three
dimensional isotropic elasticity analysis is used with attention focused on the acoustic
frequency range of vibration that is of interest in those experiments. For completeness,
one should employ a viscoelastic constitutive equation, especially in the neighborhood of
sharp resonance dispersions reported for crystalline solids. However, an elasticity analysis
should be conducted first and will at least incorporate the influence of geometry on shear
modulus at frequencies below the unique crystalline resonances. The analysis for a
circular disk is presented in detail, and the effect of specimen size on computing shear
modulus is quantitatively determined. The results for an infinite strip are also given and
indicate that a change in specimen shape does not substantially affect the results.

2. ELASTICITY SOLUTION OF SIMPLE SHEAR VIBRATIONS

The displacement equations of motion for an isotropic elastic solid

(1)

shall be solved for a circular disk (Fig. 2), subject to the conditions that the top and bottom
faces of the disk (z = ±h, where h is the half-thickness of the disk) are harmonically
displaced in opposite directions and in a uniform manner. In terms ofcartesian or cylindrical

z

FIG. 2. Geometry of the disk.

coordinates, the conditions at z = ±hare:

or u, + U cos 0 e
lrot

}

Ue = 0+ U sin 0 e'ro'

Uz

(2)
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On the traction free cylindrical surface at r = a.

(3)t = er • (J = 0

!
(Jrr=O

or (JrO 0

(Jrz = 0

where t is the surface traction, er is the radial unit vector and (J is the stress dyadic.
It is not possible to obtain a closed form solution to the boundary value problem

given by equati.ons (l}-(3). Therefore, a solution shall be obtained which (1) exactly
satisfies the equations of motion; (2) exactly satisfies the displacement conditions at
z = ±h; (3) approximately satisfies the traction free conditions at r = a. First, it is con
venient to transform the inhomogeneity in the boundary conditions from the two faces
to the cylindrical surface by

u(r, e, z, t) u(O)(e, z, t) +v(r, 8, z, t). (4)

In (4), u(O)(e, z, t) satisfies the equations of motion and the inhomogeneous conditions
at z ± h, and v(r, e, z, t) satisfies the equations of motion and homogeneous displacement
conditions at z ±h.

The zero-order displacements are

(0) _ Usin(cozlc2) e iwt
Ur - . ( hi )cos eSIn co C2

(0) Usin(coz/c2). e iwt
UIJ = - . ( hi )SIn eSIn co C2

u~O) = 0

with C2 = (pip)!. As cohlc2 approaches zero

u(O) .... U~ cos ee iwt
r h

(5)

(5')

U~O) = 0

which is the usual statement of displacements for conditions that approximate simple
shear.

The displacement equations of motion are satisfied by requiring the components of v
to be of the form

Vr = [A~ sin ClZ- Bp sin Ih]J'l(~r) cos 8 eiwt

. Jt(ryr) .
+ C SIn yz--- cos ee""t

ryr

[
1= • Bf3 . f3]J lRr) . e . tA., SIn ClZ- SIn Z -- SIn e'W

~r
(6)

- C sin YZJ'l (ryr) sin () eiwt

Vz = [AClCOSClZ+B~cosf3z]Jl(~r)cos()eiwt
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!X2 = (j)2 /C1- e
fJl = (()2/C~ _";2

1'2 = (j)2/C~ - '1 2

In equations (6), the dependence on z associated with coefficients A and B is identical
to that in the plane strain solution for straight crested antisymmetric waves in an infinite
plate [2]. The terms with coefficient C represent displacements due to rotational waves
about the z direction. Superposition of the two classes of displacements yields the general
solution for v.

The application of

yields wave numbers governed by

atz ±h (7)

yh = mc,

and

n = 1,2,3, . ., (8)

(";h)2 +tan fJh = 0
(rxh)(fJh) tan rxh

with

(9)

Before proceeding further, one must recognize that equation (9) is in a form unsuitable
for numerical calculations within the acoustic range of frequencies. An expansion of
equation (9) in powers of (j)2 with the condition

(j) ~ c2/h (acoustic frequencies)

yields the secular equation

(9')
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The solutions for v must be modified in a similar manner, with the result
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(11)

Vr = A {( 1+ :2) s~:~~(~) +((1- :2) [z c~;~~(;) tanh (s~:~~(~)]}

J'I ((~r) . sin(mrz)J 1 ( inn~r) .
--:,---.-:- cos () e'Wr + C cos () e,wI

JI((~) (nn~r)JI(inn~)

_ A {(1+~) sinh((z)+(( 1-~) [z cosh((z) tanh (sinh
h
((;)]} (10)

V
o = k2 cosh ( e cosh ( cos ..

JI ( (~r) . sin(nnz)J'1 (inn~r) .
--.--------."------f-----;- sin () e'Wr +C sin () e'WI

((~r)JI((~) iJI(inn~)

_ {( _~)rzsinh((Z) hrCOSh((ZfJ}JI((~r) () iWI

", - A (1 k' cosh ( tan S cosh( J,((~) cos e .

In equations (9') and (10), ( = ~h, k = ctlc2 , Z = zlh and r = ria. Also, the displacements
are scaled for convenience in calculation.

Equation (9') and the spatial terms in (5') and (10) are precisely the solutions that would
be found if one had attempted a static analysis [3J to begin with, rather than a dynamic
analysis. Although a static solution for the spatial variation of displacements does not
satisfy the equations of motion, the error involved is negligible.*

The secular equation given by (9') does not allow real or imaginary roots. Only complex
roots and their complex conjugates are possible. The double infinity of wave numbers
( and (*, with the infinity of wave numbers provided by equation (8), add up to a triple
infinity of possible solutions to v. The complete set of displacements can be represented by

[

00 00 00 ]

v = "A vln)+ " A*vln
)* + " C vln

) eiwr
L" ni; L" n i; L" ny
n~ I n~ I n~ I

where v~n) indicates displacements corresponding to the nth value of (, v~n) indicates dis
placements corresponding to the nth value of y and an asterisk denotes a complex
conjugate.

The coefficients An' A~, Cn are determined by requiring the three stress conditions
at r = a to be satisfied. Let (1(0) and t be the stresses calculated from 0 (0

) and v, respectively.

* There are two physical discrepancies between conditions in the Fitzgerald apparatus and the analysis.
First, an initial axial stress state is applied by the apparatus to clamp a specimen. However, if the initial stress
is much less than the shear modulus, as it must be for real materials, it can be shown that the initial stress will
not influence the numerical results. Second, in the experiments, the bottom face is essentially stationary; only
the top face is displaced. To accommodate this, one should add a symmetric solution to the antisymmetric
displacements presented in this section. The symmetric solution, however, is of the order of the high frequency
terms that are unimportant for acoustic frequencies.
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The traction free condition given by (3) is then

t = e,·(a(O)+t) 0

or

t

ff

= 0 I
t,o = 0

t,z = -(/~~) = - J.!~ cos eeiw1
•

(12)

The algorithm we shall use to calculate the unknown coefficients is simply a direct
use of Hamilton's Principle. The procedure has been suggested by Mindlin [4] and used
with good effect by Onoe [5]. Instead of applying it to the real, physical displacement u,
however, we shall apply it to the reduced displacement v with associated boundary con
ditions given by equations (7) and (12).

For harmonic vibrations, Hamilton's Principle reduces to

Iv (- w2 pv - 'V . t) . c5v dV

-L(t(OJ- n · t )·c5vdS = 0

in which integration with respect to time has been carried out over a cycle of vibration
and only spatial components of the variables remain. Since each term in v in equation (11)
satisfies the equations of motion, the volume integral is identically zero. Since c5v = 0
at z = ±h, the surface integral reduces to

(13)

where Sc is the cylindrical surface. Substituting the spatial components of equation (11)
and

into (13), and reversing the order of summation and integration, we obtain a triple
infinity of linear inhomogeneous algebraic equations governing the coefficients. The
equations are symmetric, complex, and can be solved in truncated form.

The analysis used to obtain shear modulus (say, ji) using a simple shear approximation
is simply

where T is the amplitude of the total shear force applied to one face of the specimen. In



An analysis of vibration experiments that approximate simple shear conditions 483

terms of the elasticity analysis, however,

Teiwt L(O"zx)z=h dx dy

I' So2" (O"zr cos 0- O"zO sin O)z= hr dr dO

and yields

T = ~[I+2. f (An+A:)+_I f (_ItCn]
na2(U/h) a/h n= 1 U a/h n= 1 U'

The ratio of shear modulus obtained from a simple shear approximation to the true
shear modulus is, therefore,

- [ 2 co13:.= 1+- L
~ a/h n= I

(14)

In equation (14), the influence of geometry on the difference between the two moduli is
directly shown by the ratio a/h, but its influence, and the influence of Poisson's ratio, is also
incorporated indirectly in the coefficients An' A:, and Cn'

3. NUMERICAL RESULTS

Asymptotic expressions for the complex roots of (9') are

Re' = t In[4bn(n-!)]}
I n = 1,2,3, ...

1m' = n(n-,d
where

b = (1- l/k
2

) = _1_
(1+ (3-4\1)

and \I is Poisson's ratio. Correct numerical values for the roots are then determined by
applying Newton's method [6] to the real and imaginary parts of equation (9'), with the
asymptotic expressions used as first estimates. Only two or three iterations are required
to achieve six figure accuracy.

In the truncated equations obtained from (13), an equal number of wave numbers are
retained for" (*, and yh, in order to keep v real and to maintain the same magnitude of
spatial attenuation in the components of equation (11). Although the sum of terms in v
is real, it is convenient to use the complex form of the first two series in (11). The solution
of the truncated equations by Crout reduction was carried out by an IBM 7090 computer,
using its built in subroutine for complex algebra. In the results that follow, eighteen
simultaneous equations were used.

Figures 3-6 illustrate solutions for a/h = 2. Figures 3 and 4 indicate the magnitude
of the stresses O"r:' O"rr that remain on the cylindrical surface due to truncation (O"r8 is too
small to plot). Note that the solution is deficient at (z = ±h, r = a) because of the
singularity imposed by the boundary conditions. The nature of the stresses on a sheared
face of the disk is indicated in Fig. 5. An antisymmetric distribution of axial stress 0":%,

with large magnitude near the cylindrical boundary, is required to maintain the equilibrium
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FIG. 3. Amplitude of stress (J" remaining on the cylindrical boundary; a/h = 2, v = !.
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FIG. 4. Amplitude of stress (J" remaining on the cylindrical boundary; a/h = 2, v = !.

of the disk. The distribution of U x at (x = a, y = 0) is given in Fig. 6, and closely approxi
mates a linear, simple shear distribution.

The variation of filJl with diameter to thickness ratio is given in Fig. 7 for Poisson's
ratios of 1/3 and 1/2. The modulus obtained from a simple shear calculation is always
smaller than the true modulus, with noticeable error when alh is of the order of unity.
The influence of the residual traction that has not been eliminated from the cylindrical
surface is indicated by the ratio of the moment (M,) about the y axis contributed by the
residual traction to the moment (Ma) about the y axis provided by the applied shear
stresses on the two faces of the disk. For simple shear, M,IMa is unity. For a traction
free surface at r = a, M,IMa is zero. The smallness of the ratio is a quantitative estimate
of how well the truncated solution approximates the boundary conditions posed by
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FIG. 5. Amplitude of axial and shear stresses on a face of the disk; ajh = 2, v = j.
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FIG. 6. Amplitude of displacement U x on the cylindrical boundary; ajh = 2, v = :k.

equation (3). The results are generally satisfactory. Moreover, J1/fJ- converges quite rapidly
and its convergence is found to be less sensitive to the residual tractions than is M,!M a •

Finally, in Fig. 8, fi!fJ- for an infinite strip ( G::::; X::::; G, - 00 < y < + (0) is compared
to the values obtained for a circular disk. The difference is quite small, indicating that a
change in specimen shape does not substantially affect the results. Read [7] has provided
upper and lower bounds for the infinite strip results presented here, as well as the appro
priate energy arguments for requiring that the simple shear modulus be less than the
actual shear modulus.
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FIG. 7. Ratio of shear modulus obtained for simple shear approximation to true shear modulus (iii11) YS.

diameter to thickness ratio for circular disk; v = ~ and!. Also MrlM. YS. diameter to thickness ratio.
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FIG. 8. iilll vs. diameter to thickness ratio for a circular disk or width to thickness ratio for an infinite
strip; v = t. Also, MrlMafor circular disk and infinite strip.

4. CONCLUSIONS

The analysis of a simple shear vibration test, when applied to a linear isotropic elastic
material, indicates that:

L Within the acoustic range of frequencies, a static solution for the spatial variation
of displacement involves negligible error.

2. If shear stress is applied solely to two parallel faces, a simple shear analysis under
estimates the true shear modulus. The error is only significant, however, when the diameter
(or width) of the specimen is of the order of its thickness. For example, with Poisson's
ratio equal to ,!, the simple shear elastic modulus for diameter to thickness ratio equal to
4 is in error by 8 percent, and for a diameter to thickness ratio of unity the modulus is in
error by 40 percent. The error is less for an incompressible solid.

3. Specimen shape appears to be unimportant.
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AOCTpaKT npH HCCJIeLlOBaHHH BH6paUHoHHhlX 3KcnepHMeHToB, KOTophie npH6JIHlKaIOT npOCTble YCJIOBHlI
CL\BHra HCnOJIb3yeTcll TpexMepHall H30TponHall 3aL\a'la ynpyrocTH. PacCMaTpHBaeTCH KpyrJIOlt LlHCK C
TaKHMH YCJIOBHlIMH, 'ITO LlBe napaJIJIenBHble nOBepXHOCTH ):\HCKa nepeMewaIOTCli B npOTHBOnOJIOlKeHHbIX
HanpaBJIeHHlIX H, 'iTO UHJIHHLlPH'IecKali nOBepXHOCTb cBo6oLlHa OT YCHJIlflt. OnpeL\eJIlieTCll, KOJIH'IecTBeHHO,
31j1<lleKT pa3Mepa 06pa3wa Ha paC'ieT MOL\YJIa CLlBHra. npOCTali '3aL\a'la CL\BHra oueHHBaeT CJIHIllKOM
HH3KO L\eltcTBHTeJIBHbIlt MOLlYJIb CL\BHra, HO norpelllXHOCTb HMeeT 3Ha'leHHe TOJIl>KO Tor.o,a, Kor.o,a nopllL\OK
.D.HaMeTpa 06pa3ua paBeH nOpll,llKy ero TOJIWHHbl. npHBO.D.lITClI TaKlKe pe3YJIl>TaTbl .D.JIli 6ecKOHe'iHolt
rrOJIOCbl. npHBO.D.lITCli TaKlKe pe3YJIbTaTbi L\JIli 6ecKoHe'iHolt nOJIOCbl. OHH YKa3bIBaIOT, 'iTO H3MeHeHHe
ljlOPMbl o6pa3ua He BJIHlIeT, B OCHOB, Ha pe3YJIl>TaTbl.


